Abstract. In [6] , J.Eells and L. Lemaire introduced k-harmonic maps, and Wang Shaobo [9] showed the first variation formula. In this paper, we give the second variation formula of k-energy, and give a notion of index, nullity and weakly stable. We also study k-harmonic maps into the product Riemannian manifold, and k-harmonic curves into a Riemannian manifold with constant sectional curvature, and show their non-trivial solutions.
Introduction
Theory of harmonic maps has been applied into various fields in differential geometry. The harmonic maps between two Riemannian manifolds are critical maps of the energy functional E(φ) = [6] proposed the problem to consider the k-harmonic maps: they are critical maps of the functional
where e k (φ) = [5] studied the first and second variation formulas of the bi-energy E 2 , and critical maps of E 2 are called biharmonic maps. There have been extensive studies on biharmonic maps.
In 1989 Wang Shaobo [9] studied the first variation formula of the k-energy E k , whose critical maps are called k-harmonic maps. Harmonic maps are always kharmonic maps by definition. In this paper, we study k-harmonic maps and show the second variational formula of E k .
In §1, we introduce notation and fundamental formulas of the tension field. In §2, we recall k-harmonic maps. In §3, we calculate second variation of the k-energy E k (φ). In §4, we show the reduction theorem of k-harmonic maps into the product spaces.
Finally, in §5, we study k-harmonic curve into Riemannian manifold with constant sectional curvature, and get non-trivial solution of k-harmonic curve. Furthermore, we determine the ODE of the 3-harmonic curve equation into a sphere.
Preliminaries
Let (M, g) be an m dimensional Riemannian manifold, (N, h) an n dimensional one, and φ : M → N , a smooth map. We use the following notation. The second fundamental form B(φ) of φ is a covariant differentiation ∇dφ of 1-form dφ, which is a section of ⊙ 2 T * M ⊗ φ 
2000 Mathematics Subject Classification. primary 58E20, secondary 53C43. dφ(e i ), dφ(e i ) which is called the enegy density of φ, and the inner product ·, · is a Riemannian metric h. The tension field τ (φ) of φ is defined by
Then, φ is a harmonic map if τ (φ) = 0.
The curvature tensor field R N (·, ·) of the Riemannian metric on the bundle T N is defined as follows :
, is the rough Laplacian.
k-harmonic maps
J. Eells and L. Lemaire [6] proposed the notation of k-harmonic maps. The Euler-Lagrange equations for the k-harmonic maps was shown by Wang Shaobo [9] . In this section, we recall k-harmonic maps.
We consider a smooth variation {φ t } t∈Iǫ (I ǫ = (−ǫ, ǫ)) of φ with parameters t, i.e. we consider the smooth map F given by
where
The corresponding variational vector field V is given by
Then, φ is k-harmonic if it is a critical point of E k , i.e., for all smooth variation {φ t } of φ with φ 0 = φ,
We say for a k-harmonic map to be proper if it is not harmonic.
Lemma 2.2.
Repeating this and using
we have the lemma.
Lemma 2.3.
Proof.
And using Lemma 2.2, we have the lemma.
By Green's theorem, we have
Here,
Therefore, we have the lamma.
where,
where, △ −1 = 0.
By using Lemma 2.2 and Lemma 2.4, we calculate
So we have the theorem.
Proof. When s = 0, it is well known harmonic map. So we consider the case of s = 1, 2, · · · .
By using Lemma 2.3 and Lemma 2.4, we calculate
Here, using
By Theorem 2.5, 2.6, we have the following [9] .
Corollary 2.7. harmonic map is always k-harmonic map (k = 1, 2, · · · ).
For △ l (k = 1, 2, · · · ), we have Theorem 2.10. First, we show the following two lemmas.
Proof. Indeed, we can define a global vector field X φ ∈ Γ(T M ) defined by
Then, the divergence of X φ is given as
by the assumption. Integrating this over M , we have
Proof. Indeed, by computing the Laplacian of the 2l-energy density e 2l (φ), we have
By Green's theorem M △e 2l (φ)v g = 0, and (8), we have △e 2l (φ) = 0. Again, by (8), we have
Riemannian manifold is a harmonic map.
Proof. By using Lemma 2.8, 2.9, we have Theorem 2.10.
The second variational formula of the k-energy
In this section we calculate the second variation of the k-energy.
We consider a smooth variation {φ t,r } t,r∈Iǫ (I ǫ = (−ǫ, ǫ)) of φ with two parameters t and r, i.e. we consider the smooth map F given by
The corresponding variational vector field V and W are given by
Then, the Hessian of the 2s−energy E 2s at φ is given by
Proof. By (5), we have 1 2
Then, putting t=0, the first term of (9) vanishes. Thus, we calculate the second term of (9) Using Lemma 2.2, we have
Using second Bianch's identity, Lemma 2.2, we have
Using second Bianch's identity, Lemma 2.2 and Lemma 2.3, we have
Then, the Hessian of the (2s + 1)-energy E 2s+1 at φ is given by
Proof. By (6), we have 1 2
Then, putting t=0, the first term of (10) vanishes. Thus, we calculate the second term of (10) Using Lemma 2.2, we have
is the 2kth order self-adjoint elliptic differential operator, so that it has a spectrum consisting of discrete eigenvalues λ 1 < λ 2 < · · · < λ t < · · · with their finite multiplicities. Denote by E k λ1 , E k λ2 , · · · , the corresponding eigenspaces in Γ(φ −1 T N ). Then, the definitions of k-index and k-nullity are given by
And φ is weakly stable if index = 0, i.e., H(E k ) φ (V, V ) ≥ 0, for all V ∈ Γ(φ −1 T N ). φ is unstable if it is not weakly stable.
Proposition 3.4. Any harmonic map is weakly stable k-harmonic map.
Proof. Case1. k = 2s, (s = 1, 2, · · · ).
By assumption we have
Case 2. k = 2s + 1, (s = 0, 1, 2, · · · ). By assumption we have
(12)
Corollary 3.5. Assume that φ : (M, g) → (N, h) is a harmonic map. Then,
Proof. If φ is harmonic map, then, τ (φ) = 0. Thus we have
for all V ∈ Γ(φ −1 T N ). Therefore, we have the corollary.
The k-harmonic maps into the product spaces
In this section, we describe the necessary and sufficient condition of k-harmonic maps into the product spaces. First, let us recall the result of Y.-L. Ou [4] .
is 2-harmonic if and only if the both map ϕ or ψ are 2-harmonic. Furthermore, if one of ϕ or ψ is 2-harmonic and the other is a proper 2-harmonic map, then φ is a proper 2-harmonic map.
We generalize Theorem 4.1 for k-harmonic maps. Namely, we have the following theorem which is useful to construct examples the k-harmonic maps.
) is kharmonic if and only if the both map ϕ or ψ are k-harmonic. Furthermore, if one of ϕ or ψ is harmonic and the other is a proper k-harmonic map, then φ is a proper k-harmonic map.
Proof. It is easily seen that
where,∇ φ is given by
. And we notice that △ ϕ τ (ϕ) is tangent to N 1 , △ ψ τ (ψ) is tangent to N 2 . So we have
We use the property of the curvature of the product manifold to have
for all t, s = 0, 1, 2, · · · , and for all X ∈ Γ(T M ). Thus using Theorem 2.5, 2.6, we have the theorem.
The following corollary generalizes Corollary 3.4 in [4] . Proof. This follows from Theorem 4.2 with ϕ : (M, g) → (N, h) being identity map which is harmonic.
5. k-harmonic curves into a Riemannian manifold with constant sectional curvature
As well known harmonic map always biharmonic map. And by Corollary 2.7, harmonic map is always k-harmonic map. In this section we consider the next problem.
Problem 5.1. biharmonic map is always k-harmonic map (k = 2, 3, · · · ) ? More generally, for s < t, s-harmonic map is always t-harmonic map ?
First, the Frenet-frame is given as follows:
where κ is the geodesic curvature and ·, · = h the Riemannian metric on N . Then, we have the following. 
where κ is the geodesic curvature of γ.
Proof. We calculate (∇
Therefore, γ is 3-harmonic if and only if
So we have Proposition 5.2. Proof. We can show this corollary by a direct computation. The proof is omitted.
Proposition 5.4. Let γ : I → (N n , ·, · ) be a smooth curve parametrized by arc length from an open interval of R into a Riemannian manifold (N n , ·, · ) with constant sectional curvature K. Then, γ is 2s-harmonic curve if and only if
Proof. We only notice that
We get the proposition.
Similarly we have 
Using these propositions, we show the following propositions. Therefore we have the proposition.
Therefore, we get the answer of Problem 5.1. For s < t, s-harmonic map is not always t-harmonic map.
Fianlly, we determine that the ODEs of the 3-harmonic curve equations into a sphere. where g ij = g 0 (γ (i) , γ (j) ), (i, j = 0, 1 . . . ), and g 0 is the standard metric on the Euclidean space R n+1 .
which yields that
Therefore, we have ∇ γ ′ γ ′ = γ ′′ + γ. Similarly, where, we used g 13 = −g 22 , g 14 = −3g 23 , g 15 = −3g 33 − 4g 24 . So we have Proposition 5.8.
